Fhotons can mix with low-mass bosons in the presence of external electromagnetic fields if these particles -not necessarily of spin 1 -couple by a two-photon vertex. Important examples are the hypothetical axion (spin 0) and graviton (spin 2). We develop a formalism which is adapted to study the evolution of a photon (axion, graviton) beam in the presence of external fields. We apply our results to discuss the possibility of detecting axions by a measurement of the magnetically induced birefringence of the vacuum. We also discuss photon-axion (graviton) transitions in pulsar magnetic fields. The QED-induced nonlinearity of Maxwell s equations causes magnetic birefringence effects which are much stronger than the axion-induced effects in the range of axion parameters allowed by astrophysical constraints. Also, this QED effect induces an index of refraction for photons in vacuum which is so large near pulsars that photon-axion (graviton) transitions are strongly suppressed.
I. INTRODUCTION A particle, if it has a two-photon vertex, may be created by a photon entering an external electromagnetic field. Furthermore it may be that this particle is very light or has zero mass, leading to a near-degeneracy with the photon. In this case we expect a "mixing" phenomenon between the photon and the particle, where a coherent superposition of the two arises, as is familiar from the famous K -meson system. ' Since the external field is present, angular momentum for the beam need not be conserved and the superposition can contain components with various spins and polarizations. This is in sharp contrast to the K system or with neutrino-flavor-mixing effects where only states of equal spin and polarization mix. In particular, photon mixing with spin-0 or spin-2 particles is possible. In the first case there is the much discussed axion ' which is supposed to couple to two photons in analogy with the neutral pion. Although many astrophysical and cosmological arguments have severely constrained the interaction parameters and mass of the axion and similar hypothetical particles, their possible existence or nonexistence remains an open question with far-reaching consequences for particle physics, astrophysics, and cosmology. For spin 2 there is the graviton, which also -as is shown "experimentally" by the bending of light by the sun -must have a two-photon vertex. The spin 1 case is more subtle since the LandauYang theorem prohibits the coupling of two real photons to a spin-1 state. What remains unobtainable, of course, is mixing with nonintegral spin particles. Strong, large-scale magnetic fields exist in the laboratory as well as in the astrophysical context, so we will concentrate our attention on external magnetic fields.
Since we are dealing with cases of near degeneracy, one has to consider otherwise small effects which can be important in lifting the degeneracy and so cause a severe alteration of the problem. Even in vacuum, there will be an effective index of refraction for the photon due to QED effects ' which will play an important role, particularly in the strong magnetic fields near pulsars. The neglect of this point, we believe, has lead to errors in a number of papers. "' We shall take account of this point by using the Euler-Heisenberg effective Lagrangian, ' which is the lowest-order expression of the nonlinearity of Maxwell's equations in vacuum. Its effects are characterized by the parameter g=(tx/45rr)(B, /B";, )~, where' 8";, =m, /e =4.41)& 10' 6 is the critical field strength. This parameter ( will always be small, although not necessarily small compared to our other small parameters, the axion or graviton couplings to the photon.
We shall discuss three types of problems, principally: production of axions and gravitons by photons (or vice versa) in strong fields" ' ' ' and indirect effects as in 37 1237 1988 The American Physical Society 37 sensitive laboratory tests ' ' of photon propagation in strong magnetic fields. In addition there is the conversion of axions into electromagnetic power in a resonant cavity, as suggested by Sikivie' in A. The axion-photon system
We begin our discussion with a derivation of the equations of motion for the axion-photon system where the term "axion" stands generically for any light pseudoscalar particle. We shall see later that a very similar equation is found for the graviton-photon system so that the following discussion is generic to the whole class of prob- in (a) for the axion contribution. Both contributions lead to magnetically induced birefringence effects of the vacuum. In (b) the axion can be replaced by a graviton or any other particle with a two-photon vertex.
in the axion literature.
In the literature concerning the Euler-Heisenberg Lagrangian and its applications, 9' ' ' unrationalized (Gaussian) contributions is necessary we shall use the notation 6"" for the vacuum contribution Eq. (6) and 6 " for the gas contribution so that n = 1+(b, ""+ b s") /co. The 6 " are functions of density, temperature, chemical composition of the gas, and magnetic field strength. We emphasize that hf"&b,~~" , the difference giving rise to the CottonMouton effect, i.e. , the birefringence of gases and liquids in the presence of transverse magnetic fields. This effect is usually accounted for by the relationship ', where C is the Cotton-Mouton constant and A, the wavelength of the light. We note that, in the presence of longitudinal magnetic field components, there are also offdiagonal gas contributions which couple the~~and l modes (Faraday effect). We finally note that the case of a scalar instead of a pseudoscalar particle is fully analogous with the exchange of the roles of the~~and l modes.
B. Gravitons
Whatever the ultimate fate of a quantum theory of gravity, it seems safe to assume that at low energy cornpared to the Planck mass Mp& =10' GeV and in weak gravitational fields, there is a field quantum, the graviton.
It couples as a massless spin-2 particle to the energymomenturn tensor, in particular to that of the electromagnetic field. There is therefore a two-photon vertex of known structure by which transverse gravitons could be produced by photons in a magnetic field. It is an intriguing thought that this might be possible in the strong magnetic fields of pulsars, although we will find that, as for axions, these effects will be very small. 
(1 e'~)+i ge- '~( 20) This result can be used to discuss some applications of the mixing formalism.
Photon birefringence beets
We begin with laboratory experiments where small effects on the photon polarization state are investigated. We assume that some residual gas is present in the apparatus and the field B, is transverse. In the absence of axions, the magnetically induced phase shift between the I modes A~a nd A~~i s simply given from Eq. (14) by ( 6~~4 J )z $QEn + fcM The QED and the CottonMouton contributions are, respectively, a2 These transitions can be used to possibly measure cosmological or astrophysical axion fluxes. ' ' ' One could also produce axions and detect them by their reconversion into photons ("shining light through walls" ). ' ' ' For the axion-induced phase shift we find, from a second-order expansion,
This iteration is started with the zeroth-order solution Ai"t(z) = A(0).
For the photon-axion transition rate we find, from the first-order solution, 
where g-=(6, -hc)z and g(g)=g sin (g/2) .
We note that for a constant field, b0 --0, this result is identical to our previous result for homogeneous fields Eq. (24) aside from an extra factor -, ' which occurs be- 
=
In laboratory fields typically~4 )~& &~5,~so that the second term in the exponential is negligible.
For homogeneous fields we recover our previous results of the weak mixing case. Of course the rnaxirnum mixing case and level-crossing effects cannot be treated with these perturbative methods so that the earlier mixing formalism is a necessary tool to treat these cases. The region of (M, m, ) values to which this experiment is sensitive extends to largest M values for m, =2m. co/l [the "nose" of the curves in Fig. 3(a) ]. At this m, value we find Fig. 3(b) which indicates the range where a measurable effect may be hoped for. Again, our results differ from those of Ref.
17. They are similar, aside from problems concerning the use of electromagnetic units, for I =L. The oscillatory pattern in our result reflects the fact that for sufficiently large axion masses the oscillation length becomes shorter than the optical cavity and may then fit an integral fraction of!. We recall that a measurement of s amounts to a measurement of the photon to axion transition rate and that the "shining light through walls" possibility appears to be a more practical approach to this problem. Fig. 2} ' ' ' ' ' We go beyond this previous work by including the spin-2 case (gravitons), and by developing a mixing formalism for these phenomena.
We also give a perturbative approach for the resulting multicomponent wave equation, and by including the QED-induced nonlinearity of Maxwell The. most promising approach to measure this effect appears to be "shining light through walls" as described in Ref. 15 (c) Photon axion ( g-raviton-) conuersion near stars. The transition rates appear to be always very small, mainly because the QED-induced photon refractive effects strongly suppress these effects. This QED effect could be canceled by plasma refractive effects, possibly leading to resonant oscillation phenomena. However, near pulsars the adiabatic condition cannot be met because the generic length scales of the system are far too short. In more extended systems such as magnetic white dwarfs, however, resonant transitions may possibly occur, although a fortuitous combination of axion and white-dwarf parameters is required.
